By using the quantum-memory-assisted entropic uncertainty relation (EUR), we derive a computable tight upper bound for quantum discord, which applies to arbitrary bipartite state. Detailed examples show that this upper bound is tighter than other known bounds in a wide regime. Furthermore, we show that for any tripartite pure state, the quantum-memory-assisted EUR imposes a constraint on the shareability of quantum correlations among the constituent parties. This conclusion amends the well accepted result that quantum discord is not monogamous.
Introduction.-Quantum correlations are of special importance in quantum information processing (QIP), such as in the deterministic quantum computation with one qubit (DQC1) [1] , and for remote state preparation [2] . Among different measures of quantum correlation, quantum discord (QD) [3] has been attracting particular attentions. Various aspects of QD have been explored, for example, the role it played in identifying critical points of quantum phase transition [4] , its local creativity [5] , and its operational interpretation via quantum state merging [6] as well as the advantage of it in certain quantum protocols with coherent two-body operations [7] . Its peculiar behaviors, e.g., the sudden changes in evolution and immune of sudden death under noisy environments [8, 9] , have also been investigated, see Ref. [10] for a detailed overview.
Despite the significance, the value of QD is notoriously difficult to calculate due to the optimization procedure involved. Analytical results are known only for ceratin special classes of two-qubit states [11] , rank-2 states of 4 × 2 systems [12] , and several higher-dimensional states with high symmetry [13] . Particularly, it has been proved that it is impossible to obtain a closed expression for QD, even for general states of two qubits [14] . The hardship of calculation, together with its potential applications in QIP, makes it desirable to obtain some computable bounds for QD, so that its behaviors can be estimated under various circumstances.
Several attempts have been devoted to this issue. Originally, the QD is conjectured to be upper bounded by the von Neumann entropy of the measured subsystem [15] , which is proven in several recent works [16] . Based on the decomposition of the Hilbert space for the unmeasured subsystem, Xi el al. also present a necessary and sufficient condition for saturating this upper bound [17] . Subsequently, the tight lower and upper bounds for the special case of qubit-qudit states are derived in [18] , while a weak but experimentally accessible bound for QD is presented in Ref. [19] .
In this Letter, we reexamine the upper bound of QD from some new perspectives. We note that the quantum correlation captured by QD plays a deterministic role in improving the prediction precision of an imaginary uncertainty game [20] . This has been further exploited in several recently published papers [21] . Here, instead of concentrating on the role that QD played in tightening the lower bound of the new entropic uncertainty relation (EUR) [22] , we reversely consider how this EUR constrains the value of QD, and how it affects the distribution of QDs over different parties of a composite system. Our investigation shows that from the uncertainty principle represented as EUR, one can derive certain improved upper bounds for QD. These upper bounds are tighter in a wide regime than those obtained in the literatures [15] [16] [17] . Additionally, those bounds can be computed easily.
QD is assumed to be an important resource for QIP similar as quantum entanglement. However, it is well known that QD does not satisfy the monogamy inequality which is considered as a fundamental property concerning about the resource shareability among multi-parties [23] . Naturally a question arising is that whether there exists any constraint on the shareability of QD. We find that EUR sets a fundamental limit on the shareability of QD for all tripartite pure states. This can be considered as an amendment to the fact that QD violates the monogamy condition.
Preliminaries.-Let us first recall the concept of QD. Its definition is based on the partition of the total correlations in a quantum state ρ AB , measured by the quantum mutual information I(ρ AB ) = S(ρ A ) + S(ρ B ) − S(ρ AB ), into two different parts, the classical part and the quantum part. The classical part is denoted by J A (ρ AB ). The quantum part is denoted by D A (ρ AB ). The classical part J A (ρ AB ), also known as the classical correlation [3] , is defined as
where ρ A(B) = Tr B(A) ρ AB , S(ρ) = −Tr(ρ log 2 ρ) denotes the von Neumann entropy. S(B|{E
is the averaged conditional von Neumann entropy of the nonselective postmeasurement state ρ B|k = Tr A (E A k ρ AB )/p k after the positive operator valued measure (POVM) on party A, with p k = Tr(E A k ρ AB ) being the probability for obtaining the measurement result k.
The quantum part D A (ρ AB ), which is QD under our consideration, is then obtained by subtracting J A (ρ AB ) from
where S(B|A) = S(ρ AB ) − S(ρ A ) denotes the conditional von Neumann entropy of ρ AB . QD assumes null value only for ρ AB of the form ρ AB = i p i |i i| ⊗ ρ B i [24] , with p i being a probability distribution, and {|i } constitute orthonormal bases of H A , while ρ B i are density operators in H B . The quantifier QD, defined in Eq. (2), depends on which side the POVM is performed, and therefore is inherently an asymmetric quantity, namely, D A (ρ AB ) = D B (ρ AB ) in general. A tight upper bound for QD is proven to be [15, 16] 
with equality holding if and only if the complex Hilbert space of subsystem B can be decomposed as
The quantum-memory-assisted entropic uncertainty principle is initially conjectured by Renes and Boileau [25] , and then is proven by Berta et al. [20] . It reads
where S(X|B) is the conditional entropy of the postmeasure- (4) quantifies the incompatibility of the observables Q and R. It is defined as c = max
Experimentally, the EUR of Eq. (4) has been tested in systems of photon pairs [26] , and is proposed for testing in nitrogen-vacancy (NV) center in diamond [27] . Theoretically, a tighter lower bound of measurement uncertainty than that presented in the right-hand side (RHS) of Eq. (4) is obtained in a recent work [22] . By incorporating the discrepancy between QD and the classical correlation into account, the following inequality is proven,
where ∆ = J A (ρ AB )−D A (ρ AB ) characterizes the imbalance between QD and the classical correlation [28] . Therefore, the lower bound of Berta et al. [Eq. (4)] is tightened whenever ∆ < 0, i.e., when the classical correlation in the joint system of the quantum memory and the measured particle exceeds the quantum correlation exists in the same system. We remark here that the correlation discrepancy ∆ equals to I(ρ BC ) − 2E f (ρ BC ) when one takes the purified state |Ψ ABC for ρ AB into consideration [28] , where E f (ρ BC ) = min i p i S(Tr C |ψ i BC ψ i |) represents the entanglement of formation (EoF) [29] for state ρ BC = Tr A (|Ψ ABC Ψ|), and the minimum is taken over all the pure-state decompositions, [30] , τ D is the discord monogamy score introduced in [31] . Therefore we have ∆ = τ D , which indicates that the lower bound of the EUR in Eq. (4) is improved whenever the purification |Ψ ABC for ρ AB violates the monogamy inequality
Improved upper bounds on QD.-In this section, we show how the quantum-memory-assisted EUR (5) can be employed to derive improved upper bounds on QD. To this end, and for the purpose of showing figure of merits using this method, we first introduce a slightly stronger upper bound of QD than that presented in the RHS of Eq. (3). The starting point for this consideration is the Koashi-Winter equality [32] 
for pure |Ψ ABC with X, Y, Z ∈ {A, B, C}, which together with the nonnegativity of the classical correlation [3] implies immediately that
Then, by using another equivalent form of the Koashi-Winter equality [32] , we obtain
Clearly, the above upper bound tightens that presented in Eq. 
where
reduces to the so-called isotropic state [33] . For both the two plots with d = 2 and d = 3 shown in Fig. 1 , the dashed lines before the sudden change points r SC denoted by the five-pointed stars (i.e., r < r SC ) correspond to the upper bounds of D A (ρ AB ) given by I(ρ AB ) = S(ρ A ) − S(A|B), while after the points r SC (i.e., r > r SC ), they are given by the original bound S(ρ A ). Due to the high symmetry of ρ P P , analytical results of the QD can also be obtained [13] , and they are denoted by the dash-dotted lines illustrated in Fig. 1 .
Based on the above results, we now present our improved upper bounds to QD via the following theorem. Theorem 1. For any bipartite state ρ AB , the QD satisfies
where Λ T = [δ T + I(ρ AB )]/2, and which characterizes the discrepancy between uncertainty of the measurement outcomes of Q and R (inferred from projective measurement on A and quantum state tomography on B, known as the tomographic estimate in [26] ) and its lower bound depicted on the RHS of Eq. (4).
Proof. Due to Eq. (8), it suffices to prove, (i) the inequality D A (ρ AB ) ≤ Λ T , and (ii), it is possible for Λ T being smaller than or equal to S(ρ A ) and I(ρ AB ).
The first one, that is, D A (ρ AB ) ≤ Λ T , can be shown true by reexpressing ∆ in Eq. (5) as I(ρ AB ) − 2D A (ρ AB ), which gives immediately ∆ ≥ 2D A (ρ AB − I(ρ AB ), and therefore
The second one can be proven by taking the minimum uncertainty states of Berta et al. (refer to Ref. [34] for a detailed discussion about this kinds of states) as an example, which corresponds to δ T = 0. Therefore the above requirement reduces to I(ρ AB )/2 ≤ S(ρ A ), and I(ρ AB )/2 ≤ I(ρ AB ). The former one can always be satisfied due to the Araki-Lieb inequality |S(ρ A ) − S(ρ B )| ≤ S(ρ AB ) [35] , and the latter one is obvious. This completes the proof.
One can make the upper bound Λ T better by choosing appropriate observables. Particularly, when Q and R are complementary such that log 2 (1/c) = log 2 d A , with d A being the dimension of H A , the upper bound Λ T of D A (ρ AB ) in Eq. (10) is saturated for the isotropic state [33] of arbitrary dimensions, i.e., for all ρ P P of Eq. (9) with u i = 1/ √ d. Thus the upper bound Λ T we obtained is tight.
For general ρ P P , two exemplified plots with d = 2, u 1 = 2 √ 2/3, u 2 = 1/3, and d = 3, u 1 = √ 7/3, u 2 = u 3 = 1/3 are displayed in Fig. 1 by the solid red lines, where we have chosen the observables Q and R such that log 2 (1/c) = log 2 d [note that for ρ P P in Eq. (9)
By scrutinizing these two plots, one can see obviously that the upper bound Λ T tightens that given by Eq. (8), and for the special cases of
, the upper bound Λ T is saturated. Moreover, by using the facts that projective measurements increase entropy (Theorem 11.9 of [35] ) and Fano's inequality [20, 26] , one can obtain two slightly weaker bounds for QD as follows
Similarly, δ M and δ F denote the discrepancies between the measurement uncertainties (inferred from the measurement estimate and Fano estimate [26] , respectively) and their lower bounds in Eq. (4). They can be obtained directly by replacing the first two terms on the RHS of Eq. (11) 
with S(Q|Q) + S(R|R)
and
Here, S(X|X) (X = Q, R) denotes the conditional von Neumann entropy of the postmeasurement state ρ XX obtained via two-side projective measurements on ρ AB , and h(p X ) is the binary entropy of the probability distribution p X corresponding to different outcomes of X on A and X on B.
The upper bounds given in Eq. (12) are in general weaker than that of Eq. (10) in that Λ M,F ≥ Λ T , but may be favored for their ease of experimental accessible [26] . Particularly, they may still be tighter than that given by Eq. (8) under certain circumstances. See, for example, the solid blue (given by Λ M ) and solid green (given by Λ F ) lines displayed in Fig. 1 for the pseudo-pure states of Eq. (9), which are nearly overlapped during the small r regions. Clearly, both the bounds described by Λ M and Λ F are tighter than that given by Eq. (8) (denoted by the dashed lines) in most intervals of the mixing parameter r. More specifically, only when r becomes larger than some critical values then the bounds Λ M and Λ F for ρ P P failed to outperform that of Eq. (8) .
Constraints on the shareability of QD.-At this stage, one may wonder what would be other implications of the tightened EUR in (5) . Here, we show that it also implies a constraint on the shareability of QD among different parties of a composite system. Theorem 2. For any tripartite state ρ ABC with S(ρ A ) = −S(A|BC), we have
Proof. First, Eq. (5) 
This, together with the Koashi-Winter equality
Thus Eq. (13) holds obviously for all the tripartite pure states |Ψ ABC because we always have D A (ρ A:BC ) = S(ρ A ), and S(ρ A ) = −S(A|BC). Moreover, we know from [17] that even for mixed ρ ABC , S(ρ A ) = −S(A|BC) if and only if there exists a factorization
The inequality (13) is a released version of the monogamy relation of QD [23] . It applies for all tripartite pure states and to an extended classes of mixed states. As δ T is nonnegative due to Eq. (4), the inequality (13) implies immediately that even if QD may violate the monogamy inequality, the different subsystems of ABC still cannot be freely correlated. That is, subsystem A cannot share an unlimited amount of quantum correlations individually with both B and C, the summation is limited by a fixed quantity. Therefore, we see that although the monogamy inequality of QD may be violated, there exists a limitation for QD shareability.
Moreover, as a corollary, we emphasize here that Eq. (13) also yields a sufficient condition for monogamous of QD in a class of tripartite states ρ ABC with S(ρ A ) = −S(A|BC). That is, there exists measurement operators Q and R such that the discrepancy δ T defined in Eq. (11) vanishes, i.e., δ T = 0. This occurs, for instance, for the reduced ρ AB being the minimum uncertainty state of Berta et al. [34] , namely, the bipartite states ρ AB = Tr C (|Ψ ABC Ψ|) saturate the lower bound of Eq. (4).
As noted above, the Koashi-Winter relation plays an instrumental role in deriving Eq. (13) . Here, as a simple yet meaningful observation, we remark that it also implies asymmetry of QD defined in Eq. (2) . To be convinced, we use the following two equivalent forms of the Koashi-Winter equalities related to |Ψ ABC [32] E f (ρ AC ) + J B (ρ AB ) = S(ρ A ),
which together with Eq. (2) results in
is the balance of QD with the POVM being performed on A and B, respectively [36] . Since E f (ρ AC ) = D A (ρ AC ) in general (otherwise there is no need to introduce the notion of QD), Eq. (16) implies immediately the asymmetric property of QD.
Conclusion.-We have presented an improved tight upper bound for QD based on a generalization of the quantummemory-assisted EUR [22] . This bound applies to bipartite states of arbitrary dimensions, and tightens that given in [15] [16] [17] . Besides this, we have also showed applications of the EUR in identifying an inequality which constrains the shareability of QD between different parties of a composite system. More specially, we showed that even if QD may not respect the monogamy relation, the quantum correlations still cannot be freely shared. As an amendment to the violation of monogamy relation for QD, a released monogamy-like relation is still satisfied for all tripartite pure states. We hope that these results may provide useful insights as to what role quantum correlations play in the fundamental theory of uncertainty principle, as well as to how the uncertainty principle, particularly those of the entropic forms, imposes constrains on the strength and distributions of quantum correlations.
